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Abstract 

The dressing method based on the 2x2 matrix 5-problem is generahzed 
to study the canonical form of AB equations. The sohton solutions for 
the AB equations are given by virtue of the properties of Cauchy matrix. 
Asymptotic behaviors of the A^-soliton solution are discussed. 

PACS number: 02.30.IK, 02.30.Jr 



2 1 Introduction 



The AB equations have important apphcations in geophysical fluids and in non- 
hnear optics jj-lsj. The important features are that the AB equations are inte- 
grable by the inverse scattering transform and can be reduced to the sine- Gordon 
equation^, [Zl]. The single-phase periodic solution is studied by the method for 
improving the effectiveness of one-phase periodic solutions of integrable equations 
in 8|, the envelope solitary wave and sine Waves are discussed in |9|. In addition, 
Guo et al. [10] investigated the Painleve property and conservation laws of one 
type of variable-coefficient AB equation, and obtained the soliton solutions by 
Darboux transformation. 
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The 9-dressing method llMlSl] is a powerful tools to construct and solve 



integrable nonlinear equations as well as to describe their transformations and 



reductions. For a review see 16|, |l7|, and references therein. 

To our knowledge, The A^-soliton solution of the AB equation has not been 
given and (9-dressing method for the AB equation is open. In this paper, we 
study the AB equations in semi-characteristic coordinates by extended 9-dressing 
method 18| and give their A^-soliton solution. 

The present paper is organized as follows. In Sec. [2|, the semi-characteristic 
coordinates ^ and r are introduced in the spectral transform matrix to derive 
the Lax pair of these equations, where the r-dependent linear spectral problem is 
obtained by introducing a special singular dispersion relation. In Sec. [3l suitable 
symmetry conditions are applied to derive the AB equations in canonical form. 
In Sec. m the properties of Cauchy matrix are used to discuss one-soliton, two- 
soliton, as well as N-soliton solutions of the equations. In the last section, we 
study the asymptotic behaviors of the A^-soliton solution. 

2 Spectral transform and Lax pair 

In this paper, we consider the 2x2 matrix 9-problem in the complex fc-plane, 

dij{k,k)=ij{k,k)R{k,k), (2.1) 

where d = d/dk and R = R{k, k) is a spectral transform matrix which will be 
associated with a nonlinear equation. It is readily verified that a solution of the 
^-problem (12.1 p with the canonical normalization can be written as 

V'(fc) = J + V^i?Cfc, (2.2) 

where Ck denotes the Cauchy-Green integral operator acting on the left 

and here we have suppressed the variable k dependence in ip and R. It is readily 
verified that, for some matrix functions f{k) and g{k), the operator Ck satisfies 

g{k)[f{k)Ck]Ck + [g{k)Ck]f{k)Ck = [g{k)Ck][f{k)Ckl (2.3) 



The formal solution of ^-problem (12. ip in terms of the matrix R will be given 
from (I22D as 

ij{k) = I ■ (I - RCk)-\ (2.4) 

For the sake of convenience, we define a pairing 

(/, 9) = ^JJ f{k)9''{k)dk A dk, (/, gf = {g, f) , 
It is known that the above pairing possesses the following prosperities [l3| 

{fR,g) = U^gR"), {fC,,g) = -{f,gC,). (2.5) 

In addition, we can easily prove the following properties 
kfik)C, = k[fik)C,] + (/(A;)), 

where(/(fc)) = (/(fc),J). 

The aim of the d dressing method is to construct the compatible system of 
linear equations for ip and consequently the nonlinear evolution equations asso- 
ciated the 5-problem (12.11) . According to the main idea of the inverse scattering 
transform method. It is important to introduce the ^, r dependence in the spec- 
tral transform matrix R{k,k). For the AB equations, let the ^-dependence be 
given by a linear and solvable equation 

R^ = ik[a3,R]. (2.7) 

Then from equations (I2.2p . fl2.4p and (12. 7p . we have 

ip^ik) = ikt/jasRCkil - RCk)'^ - ik%l)RCk(J^{I - RCky\ (2.8) 

According to the property (12. 6p of the integral operator C^, we get the identity 

iki)RCk = i{ipR, I) + ik{ipRCk) = i{ipR) + ikip - ik. (2.9) 

Since RCk = I - I{I - RCk), then 

RCkiI-RCk)-^ = {I-RCk)-^-I. (2.10) 



Substitution of the above two expressions into the right hand side(RHS) of equa- 
tion (12 .Sp yields the following equation 

^^ = -ikijas - i{il)R)a^i) + ia-ik{I - RCk)~^. (2.11) 

It is noted that in the last term in the RHS of equation (12.111) . k{I — RCk)^^ 
means the left action of the operator (/ — RCk)^^ on A;, so the representation 
(12.41) can not be used here. To simplify the expression (12. lip , we obtain from 
(12. 9p the following relation k = (ipR) + k{I — RCk), and note that the pairing 
(ipR) is independent of k, then an alternative representation of k{I — RCk)~^ can 
be given as 

k{I -RCk)'^ = {{'^R) + k)ilj. (2.12) 

Hence equation (12. lip can be reduced to the Zakharov-Shabat spectral problem 

ij^-ik[as,ij] = Q^, 
Q = i[cr3,{i:R)]. 

In order to derive the r-dependent Lax equation, we choose the linear equation 
about spectral transform matrix R as 

Rr = [n,R], (2.14) 

where fi{k) is a singular dispersion relation, that is 

n{k) = uj{k)Cka3, (2.15) 

where u{k) is some scalar function. Once again from (I2.2p . (l2.4p and (I2.14p . the 
evolution of ip adopts the form 

^r = i^^ - ipR^Ck)iI - RCk)~^ - ipn (2.16) 

in view of the identity f l230|) . Resorting to (Q and (Q, i^RflCk in ^A6\f 
admits the following relation 

ipRQCk = {iljRCkjiojCkcr-i) - {i!RCk)ujCk(J3 = ipQ - ipuCkcrs. 

Hence, we have 

^|Jr = ^puCkCXsil - RCk)-' - ^n 

1 ff^^^%^^)u;(^^)a,iI-RCk)-'-^n, ^^'^^^ 



2m J J fx ~ k 



where the term [fi — k) ^{I — RCk) ^ need to be further simphfied. Noting, from 
(ESD, that 

-^^lj{k)RC, = -^ {mo - mC,)) = -^ {ij{k) - ^(/i)) , 

furthermore, we have 

^ ^{^,) = J—^|J{k){I-RCk), 



fx — k n — k 

or 



^ il - RCk)-' = ^^p-\fxMk). 



jj — k jj — k 

Then (I2.17P gives r-dependent hnear equation associated with the singular dis- 
persion relation 

V-r = (coi^as^'^Ck) i) - il)VL. (2.18) 

3 The AB equations 

In this section, we will derive the AB equations equations associated with spectral 
problem f l2.13p . To the end, differentiating the expression of Q in f l2.13p with 
respect to r yields 

Qr = i[a^,{iljR)r]. (3.1) 

Since d{f{k)Ck) = f{k), then 

(i/jR), = d^r = d {tpRrCkil - RCk)-'} 

= d {iljRr{I - RCk)-'Cu] = ^Rr{I - RCu)-\ 

Hence, in virtue of the properties (12. 4p . equation (13. ip can be rewritten as 

Qr = 2[a3, {ijRr{I - RCk)-\ I)] = t[as, (^i?., / • (/ + R^Ck)-')]. (3.2) 

Based on the identity 9(^^^)'^ = —{ip^^)^R^, the same procedure as (12. 2p and 
(1^ products 



Therefore, using f l2.4p . fl2.1ip and the definition of pairing {f,g), equation (13. 2p 
takes the form 

Taking into account the fact that fi — !■ as /c — )■ cxd, the above equation can be 
further reduced to 



(3.3) 



Q^ = -z[a3, {diipn^-')) - (V'(^n)^-i)] 

By virtue of the spectral problem (12.130 . one can verify that 

U^ = tk[a3, U] + [Q,U], U = tljas^-\ (3.4) 

and 

Qr=t[as,{ujik)U)]. (3.5) 

In order to derive the r-dependent linear spectral problem of the AB equations, 
we take 

uj{k) = -inSik), (3.6) 

then 

V = i{uU) = -f/|fc=o, (3.7) 

which implies 

Q. = [(T3,V], V^ = [Q,V]. (3.8) 

It is noted that the coupled equations (13. 8p can also be derived from the compat- 
ibility condition of the linear equations (12.130 and (I2.18p . 

From (12.12P and (13. 6p . we know that the linear spectral problem (12.180 can 
be rewritten as 

i'r + 4V^CT3 = -^Vij. (3.9) 

ik ik 

For the purpose of obtaining the AB equations, we introduce the following 
symmetry condition 

Q^ = -Q, (3.10) 



from which we take 

Q^2(« -;). (3.n) 

Here, the form of the potential function is chosen to ensure that the normahzation 
condition (??) can be obtained. In addition, we need another symmetry condition 
about ip{k) 

tlj\k) = tp-\k). (3.12) 

It is noted that this constraint condition can be obtained by using the symmetry 
condition (13.101) and the spectral problem (12.131) . as well as the linear equation 

(ETj). 

From (13. 8p . we know that 

Q^r = W3,[Q,V]]=2a3[Q,V^% 

where V^°^ and V^^^ denote the off-diagonal and diagonal of the matrix V, re- 
spectively. Hence V = V^°^ + V^^'^^ According to the above equations, we take 

then we have the AB equations in canonical form 

%- 4/15 = 0, 5^ + 2(1^12)^ = 0. (3.14) 

It is remarked that the Lax pair of the AB equations is defined by (I2.13P and 
dSlD, as well as fl333|l . 

4 Soliton solutions 

In the section, we will derive the explicit solutions of the AB equations (I3.14p and 
their soliton solutions. To this end, we introduce the spectral transform matrix 
R as 



where {kj}^ are complex constants and Cj = Cj{t). The evolution of these r- 
dependent functions can be obtained from f l2.14p and (13. 6 p 



Cj,r = —rCj, J = l,2,---,N, (4.2) 



ikj 



Substituting (jH]) into fl2:T3|l . in view of f l3J2|l . yields 

A = -i{^R)2i = -^p22-9^, (4.3) 



where 



^22 = {'ip22{ki), ■ ■ ■ , V^22(/i;iv)) , g = {gi, ■■■ ,gN), 

Qj = CjC^^'^ = e^^% Zj = 6j - i(pj, 



dj = [mkjt, + . ,^ r + Kj, 
\kj\ 

Rekj 



(4.4) 



fj = Refcj-e - TTT^T + Xj, 

where {k,j,Xj} are arbitrary constants. In addition, from (13. 7p and (13. 4p . ( 13713]) . 
by virtue of symmetry condition (I3.12p . we obtain 

i?=|^22(0)|2-|^2l(0)|^ (4.5) 

in terms of det ip = 1. 

In the following, we will give the expression of tpij about the discrete data, 
substitution (J4T]) into (Q yields 

ip2i{kj)gj 



iJ22{k) = l-tJ2 






N 



i^2i{k) = -^Yl 



i'22{kj)g_ 



(4.6) 







which imply that 

i>22 = E (I + KK)-\ i,2i = -iEK{I + KK)-\ (4.7) 

where the vectors ■?/'22 ■, g are defined by (14.41) and 



V^21 = (^2l(fcl),--- ,V^2l(fc7v)), ^ = (I,--- ,1), 
-f^ = [^nmJNxN, Unn 



(4. 



h — h ' 



In addition, from f l4.6p . we have 



^21 (0) = -ii/j22h , V'22(0) = 1 - iip2ih 



h= [hi,--- ,hN), hj = — . 

Kj 



Substituting (gT]) into (jO]) and (jH]) products [19 1 



where 



A = -ti[{I + M)-^g^E] 

det(/ + M + g'^E) - det(/ + M) 
~ det(/ + M) ' 

^2i(0) = -2tr[(/ + M)-i/i^E] 

. det(/ + M + /t^E) - det(/ + M) (4.10) 

^ det(/ + M) ' 

^22(0)=l-tr[(J + M)/i^Eir] 

det (/ + M + /i^EiT) - det ( J + M) 
det(/ + M) ' 

M = KK, M = KK. (4.11) 



In the following, we will give the one-soliton and two-soliton solutions. Firstly, 

for N = 1, 

2Imfci 



A = - e-2^^ 

^21 (0) 



(2ImA;i)e-2^i + e^^i (2ImA;)-i ' 
g-2i^ 2ImA;i 



V^22(0) =1 - 



iki (2Imfci)e-2ei + e^^i (2ImA;)-i 
e2ei 1 



iki (2ImA;i)e-2«i + e^^i (2ImA:)-i ' ' 
Let 2Ini/ci = e^^^, then the above expressions give rise to the bright one-soliton 
solution in semi-characteristic coordinates 

A = - ^e2('^i-^'^i)sech2(ei - /3i), 

e2(ei+/3i) (4.12) 

B=l+ ,, „ [sech^2(gi - /3i) sinh2(^i - /3i) - sech2(^i - /3i)]. 

2 Kl 



For the case of A^ = 2, we have 



and 



det(J + M) =1 + 



\ki - ^2! 



^2(2:1+22+21+22) 



,2(21+21) 



n (% - h? 



,2(22+^2) 



,2(2:1+22) 



ih - h] 

,2(21+22) 



ik2-k2r ih-k^r (k^-k^y^ 



det(J + M+g^E) - det(J + M) 



,221 



{ki - k^f 



(ki - k2Y{k2 - k^y 



,2(2:2+22) 



+ e 



222 



1- 



{ki - k^f 



,2(2:1+21) 



{h - hnk^ - k^Y 



det(/ + M+h^E) - det(/ + M) 



,221 



ki 



1- 



k. 



{ki - k^f 



,2(22+^2) 



k2 (ki - k2Y{k2 - k2) 



,22:2 



+ 



1- 



h (fci - k^f 

ki{ki-hy{k2-kiy' 



,2(21+21) 



2 det(/ + M) - det(/ + M + h^EK) 

^^ g2(2l+5l) ^^ g2(^2+22) ^2 g2(2l+^2) 



A;i (A;i - k^f k^ {k^ - k^f ki {k^ - k^f 

h^ p2(2l+22) jL L li, _ i.„|4 

_ ^1 ^ _^ ftift2 1% fc2| ^2(21+22+21+22) 

/ca (/ci - /C2)^ kik2 ^ n T \2 
n (^i - kiY 

To obtain the sohton solutions, we introduce new functions Uj 



g2a;,. 



ki - k2 



Uj = Wj + i(f)j, j = 1, 2. 



{ki - kj){k2 - kj) 
Under this definition, equations (I4.13P can be rewritten as 

g2(,9i+,?2) 

det(J + M) =4- {a cosh 2^i cosh 2^?2 + b sinh 2^i sinh 2^2 

|fci - fcal^ 

+2ImfciIniA;2 cos p} 
=AD2, 



(4.13) 



(4.14) 



(4.15) 



10 



det(/ + M + g'^E) - det(J + M) 



-4- 



g2(-^l+1?2) 



Va2 - 62 [Im/tie^^^'^^-'^i) sinh2(^2 + 



«02) 



(4.16) 



+ Im/tse^*^'^!-^^) sinh2(^i + icpi 

det(/ + M + /i^E) - det(/ + M) 

Im/ci 



,2(i?i+i?2) 



-4- 



A;i-A;2P 



y/a^ — h^ 



h 



g2i(<^2-^i)gij^l^2(^2 + 



102 



+ ^e2*(^"i-^^)sinh 2(^1 +200 

«;2 

AS2, 



(4.17) 



2 det(/ + M) - det(/ + M + /i' gK) 



g2(-^l+-^2) 

|A;i-A;2|2 



{ 



^i(argA;i+argfc2) 



a cosh(2'i9i + i arg ki) cosh(2'(92 + ^ arg k2) 



6sinh(2'i9i + iarg /ci) sinh(2'i92 + iarg A;2)] + 2ImA;iImA;2 cosh(e + ig)} 

= AA2, 



where 



■&J = 9j + Wj, (f)j = (f)j + zuj, tUj = arg kj,j = 1,2 
1^1 — ^2p = a + b, \ki — k2\'^ = a — b, 

P = 2{ipi +01 - V92 -02), 
g = 2(v9i - 01 - V52 + 02) - tUi + ^2, 



N 

|A;,|' 



A = 4- 



g2(-^l+^2) 

A;i-A;2P 



cosh2'i?i cosh2'(92. 



(4.18) 



11 



and 



D2 =a + 6tanh2?9i tanh2'(92 + 2IniA;iIinA;2 cospsech2'i9isech2'!92, 

+ Imfc2e2*('^i-'^2)sgch2^2(tanh2^i cos20i + isin20i)], 
S2 = - Va2 - 62[_^e2^('^2''^^)sech2^i(tanh2^2cos202 + isin202 



ImA;2 2i 



+ ^!^e2^(^i-^^)sech2^2(tanh2?9icos20i + isin20i)], /^ ^g^^ 

A2 =eH™i+ro2) |^q(^qos zui cos CC72 — tanh 2'i9i tanh 2'(92 sin -oji sin ZU2) 
+ 6(tanh 2'(9i tanh 2'(92 cos c^i cos ^2 — sin 07;^ sin 072) 
+ za(tanh 2792 cos wi sin 072 + tanh 2t?i sin tui cos 1^2) 
+ i6(tanh 2'i9i cos tz?]^ sin zu2 + tanh 2'(92 sin zui cos tz72)] 
+ 2Ini/ciIniA;2 cosh(£: + ip)sech2'(9isech2'i92- 

Hence, the two-sohton solution in semi-characteristic coordinates of the AB 
equations (13.141) takes the form 

O I A |2 1^ |2 

Taking notice of the form of (14.191) . we can say that f l4.20p give the bright two- 
sohton solution of the AB equations. It is remark that the representations (14.151) - 
(I4.18P can be rewritten as another forms 

det(J + M) = AD2, det(/ + M + /E) - det(/ + M) = Afia 

det(/ + M + h^E) - det(J + M) = AS2, (4.21) 

2 det(/ + M) - det(J + M + li^gK) = AA2, 



where 



g2(,?l+,?2) 



A = 4- — - sinh 2'di sinh 2i?2, 

fci - fc2 r 



12 



and 



-D2 =b + acoth2'i9i coth2'i92 + 21mfcilnifc2 cospcsch27?icsch2'(92, , 
n2 = - Va2 - 62[inifcie2*('^2"^^)csch279i(cos202 + icoth2?92 sin2(/)2) 
+ lmk2e^'^'''^ -'^2)pgpi^2?92 (cos 20i + i coth 2^i sin 20i )] , 

H2 = - Va2 - 62[^^e2^('^2-'^^^csch2^i(cos202 + i coth 2^2 sin 202) 



lmk2 oi( 



+ ^^^e^^^^i -'^2)csch2^2 (cos 201 + i coth 2^?i sin 20i)], ,^ 22) 

A2 =e*('^i+'^2) [a(^coth 2-(9i coth 2^2 cos Wi cos CtT2 — sin wi sin ^2) 
+ 6(cos wi cos ti72 — coth 2'i9i coth 2'i92 sin tui sin 'DJ2) 
+ za(coth 2'i9i cos Wi sin tJ72 + coth 2'(92 sin cci cos W2) 
+ z6(coth 2'(92 cos wi sin Ct72 + coth 2791 sin tz^i cos ^2)] 
+ 2\m.ki\v[vk2 cosh(£: + i^)csch2'i9icsch2'(92- 

Hence, the dark two-sohton solution of the AB equations f l3.14p has the form 

I A |2 l'^ |2 

It is remarked that the functions dj can be rewritten as 

^,=ImA;,(e + ^ + e,), (4.24) 

where ^j is a certain constant. 

Now, we will derive the soliton solutions of fl3.14p . By virtue of the method 
of linear algebra, we know that 

N 

det(J + M) = l + J] Y. M{j^,---,Ja), (4.25) 

(^=1 i<ii<-<i<T<A' 

where M{ji, ■ ■ ■ ,]„) denotes the principal minor oi N x N matrix M obtained 
by taking all the elements of (ji,--- ,jo-)-th columns and rows. By using the 
Cauchy-Binet formula, we can calculate the value of M{ji, ■ ■ ■ ,j„) 

M{j,,--- ,j^)= Yl ^ K ■ ■ ■ ' ^^-^^^ 

13 



where K j denotes the determinant of the submatrix obtained 

by preserving the (ji,J2,--- ,jo-)-th rows and (ri,r2,--- , ro-)-th columns of K; 
K 1 denotes similarly the determinant of the submatrix for K. It is noted 
that i^ is a real symmetric matrix and K is Cauchy type matrices, then 

M(j,.....j,)= Y. (-1)" n ^i^|Qk^e=<-«-). 

l<ri<-<r„<Af l<V,m<m' ^ ' "^ 

(4.27) 

where m G {ri,r2, • • ■ .r^}; 1,1' G {ji,J2, ■ ■ ■ , jo-} and cr = 1, ■ ■ ■ , A^. Hence, we 
obtain the explicit representation of det(/ + M) from f l4.25p and f l4.27p . It is 
readily verified that det(/ + M) = det(J + M). 

In the following, we will evaluate the numerator of the expressions in f l4.10p . 
To this end, let 

C = M + g'^E = GH, (4.28) 

where G = {g^, K) = (Gnm) and H = I ^ ) = (Hmn), with n G {1, ■ ■ ■ , A^}, m G 
{0, 1, ■ ■ ■ , A^}. Hence, det(/ + G) takes the same expansion as (I4.25p . where 

C(ji,---,J.)= 2^ G[ ]H[ . (4.29) 

0<ri<-<r,<JV \^1,^2, " " " ,ra/ \jl,J2, ■■■JaJ 

Now, we split the summation on the right hand side of the above equation into 
two parts, the first one is ri = 0, and the second one is ri > 1. It is noted that 
the second one is exactly equal to M(ji, ■ ■ ■ ,j^). Thus, the numerator of the 
expression of r in (I4.10p takes the value 

det(/ + Af + g'^E) - dct(/ + M) 

'^=^ ('i^<ji<-<ja<N) {l<r2<-<r„<N) \ ^^"^^2, ' ' ' ■T g j \Jl7J2, ' ' ' Ja 

N \i, I, \2\l, I, \2 

''=^ (^<ji<-<ja<N) (l<r2<-<ra<N) l<l',m<m' ^ ^ '^' 

where m,m' G {r2, ■ ■ ■ ,r^};l,r G {ji,j2, ■■■ ,ja}- 

14 



N 

V V 

^^=1 (l<ii<---<><JV) (l<r-2<-<r<T<Af) ^ '^ 

2|t. . _ U 12 



ir ■ n 



Similarly, for ip2i{0) in (I4.10p . we have 
det(/ + M + h^E) - det(/ + M) 

N 

L<r2<-< 
i- \h, — h,,\'^\h , — h 1^ 

ki (ki — kmY 

l<l',m<m' ' \ L mj 

where {m,m' G {r2, ■ ■ ■ ,r„};l,l' G {ji,J2, ■■■ ,ja})- While for ?/'22(0), let 

~ -T ,-T -. I EK 

M + h^EK = {h^, K) 

then 

det(/ + M + h^gK) - det(J + M) 



h — h 

"To i^m 2Zr 



N 

= E E E (-D-'EHt^^- ,4 31, 

xHifSip n ft - *..r(*. - fe»'f . 

l,m ^ ' l<l',m<m' 

where m,m' G {r2, ■ ■■ ,r„};l,r G {ji,j2,--- ,JCT}ando- = {1,2, ■■■ ,A^}\{r2,- ■■ ,r^} 
denotes a subset of the set {1, 2, ■ ■ ■ , N}. It is remarked that the A^-soliton solu- 
tion of the AB equations can be obtained from f H^jl . fICTI]) and (H^SD-dlSn])- 

5 Asymptotic behaviors of the A^-soliton solu- 
tion 

In this section, we discuss the asymptotic behaviors of the given A^-solion solution. 
To this end, we assume that 

I fell < \k2\ < ■ ■ ■ < I /cat I, Imkj > 0. 

It is noted that 

g. = e^^^^=e''^e-''^, 6, = lmk,{^ - v,t - Q, (5.1) 

15 



where Vj = — |fcj|~^ and C,j is a certain real constant. Now the region of the point 
C = ij + VjT is denoted by Sj. Then, as r — )■ — oo, these regions are disjoint and 
distribute from left to right as 

^Af, SjV-1, ■ • • , Si, 

in view oi Vi < V2 < ■ ■ ■ < v^. In the region Sj, one may find that 

C - ^n - VnT -^ +CX), 

\gn\ -^ +00, n > j; 
and 






and 



N 

e ^e 



(5.2) 



(5.3) 



^ - ^m - VmT -)■ -OO, 

|5f„|-^0, m<j. 
Thus, in the region Sj, as r — )► — oo, we find 

det(J + M)^ K I ] K I 

\j + l,j + 2,--- ,nJ \j + 1,j + 2,---,N, 

+ ir('^'^' + ''--'^Wf^'^' + ^'-'^) (5.4) 



det(/ + M + g^E) - det(/ + M) 

0,j + l,---,ivi L-,j + l,...,iV/ (5.5) 



Al (K - fc,)2 . }r\^^^ \h - hV \h - kvY"' 

i=j + l ^ J '-' j + l<l<l'<N I ' M I 4 M 

Equations (15.41) and (15. 5p imply that the solution A in E^ has the following 
asymptotic behavior 

A ^ -ilmkje-^'^'^'^^^^~^hech2{ej + 7^"^), r -^ -00, (5.6) 
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where S, and 7- are defined by the following representation 

F^ ii Ifw ^ ^"'"'"■"' ■ '"^' 

Similarly, as r — )• +00, the regions are distributed as Si, ■ ■ ■ , Sat. In this case, 
the leading term of det(/ + M) in (15. 4p will involve {1, ■ ■ ■ , j — 1; 1, ■ ■ ■ , j — 1, j}, 
instead of {j + 1, ■ ■ ■ , N;j,j + 1, ■ ■ ■ , A^}. Also, in the leading term of (15. 5p is 
now {1, 2, ■ ■ ■ ,j — 1, j; 0, 1, ■ ■ ■ , j — 1}. Thus in the region S^, we find 

A ^ -ilm/cje~2^('^^+'^^')sech2(^j- + 7]+^), r -> +00, (5.8) 

and 

From (15.61) to (15.91) . one may find that the A^-solitons with different velocity 
split as r — > — cxd, after mutual collisions, split again as r — )■ +00. In this solitary 
wave collisions, the form and velocity of each solitary wave do not change, only 
the center and phase change from f^, , 7, to 5- ,7. for the j-th soliton. 

Similar considerations apply to '?/'2i(0) and '?/'22(0), we find 

r g-i2(c^,+e(-)) sin w,sech2(^,- + 7S~^), r ^ -00, 
^21(0) ^{ (^, y^h) ^5^^Q^ 

ye"^^'^^^'^ )sinWjSech2(%+7]+^), r ^ +00, 

where gf^ = Sf'"' + pf^ + ^,Wj = arg kj, p'f^ = Y. wu p^^^ = ^ zui, and 

i=j+i 1=1 

( 1 _ g-i2(^,+^(-')g2(e,+^(.-))g^^j^2(^, + 7;-)), r ^ -00, 
\ 1 - e-2(^^+^^"%2(^^+^^"')sech2(^, + 7]+^ r ^ +00, 

with Pj- = (5j + i^j and /i^ , z/j defined by 

N T T N 



1 TT % - fc^ TT ^j(^j -ki){kj-ki) ^ ^2(m^.-)+^-)) 

±_ TT % - ^/ TT kj{kj-ki){kj-ki) ^ g2(/.(.+) +*,.(+)) 
2^j ;^^ kj — ki ^^_^ kj{kj — ki)[kj — ki) 
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Hence, the asymptotic behavior of the solution B can be characterized by (14. 5p 
and fIS.lOp . f IS.lip . and the sohtary wave colhsions can be discussed similarly. 
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